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ABSTRACT
Apply the T-duality and smeared twist to the D3-brane solution one can construct the
supergravity backgrounds which may dual to supersymmetric or non-supersymmetric non-
commutative dipole field theory. We introduce D7-brane probe into the dual supergravity
background to study the chiral dynamics and meson spectrum therein. We first find that
the non-commutative dipole field does not induce the chiral symmetry breaking even if the
supersymmetry was completely broken, contrast to the conventional believing that the chiral
symmetry will be broken in the non-supersymmetric theory. Next, we find that the dipole
field does not modify the meson spectrum in the supersymmetric theory while it will reduce
the meson bound-state energy in the non-supersymmetric theory. We also evaluate the static
quark anti-quark potential and see that the dipole field has an effect to produce attractive
force between the quark and anti-quark.
E-mail: whhwung@mail.ncku.edu.tw
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1 Introduction
The original AdS/CFT correspondence [1] only involves fields in the adjoint representation
of the gauge group. To search a supergravity model dual to a realistic gauge dynamics one
has to incorporate the quark degrees of freedom. The simplest thing is to add a new type
of brane into the configuration in addition to the D3 branes. In six years ago Karch and
Katz had proposed to elevate this brane configuration into a supergravity background by
introducing D7 brane probe into the AdS5 × S5 background [2]. As the string with both
ends on the probe brane is dual to quark-antiquark operators the embedding of the brane
in AdS5 × S5 therefore encodes the mass and quark bilinear condensate in the theory. The
linearized fluctuations are then dual to mesonic excitations in the gauge theory. From this
point of view the chiral symmetry breaking [3] and meson spectrum [4] have been investigated
by studying the behavior of the D7 probe brane on the AdS5 × S5 background.
Since the supersymmetry forbids the quark condensate we therefore need to use the non-
supersymmetric background to study the chiral symmetry breaking. The first study of chiral
dynamics in [3] used the Constable-Myers geometry [5]. Several scenarios in which super-
symmetry breaking leads to chiral symmetry breaking have also been found - for example a
set-up of D4 wrapped a circle which describes gauge theory in IR [6], placing the gauge the-
ory on an anti-de-Sitter space [7], on the Lunin-Maldacena background [8,9], or introducing
a background magnetic field [10,11]. The meson spectroscopy therein had also been studied
(A recent review could be found in [12]) .
In this paper we will investigate the problem of chiral symmetry breaking and the meson
spectroscopy in the non-commutative dipole field form the gauge/gravity dual. The proper
dual supergravity background had been found in [13,14], in which a nonzero B field shall be
with one leg along the brane worldvolume and other transverse to it.
As the metric adopted to study the meson will be different from that in studying the
Wilson loop or giant graviton [15] we will in next section briefly describe the method which
enables us to derive the dual supergravity background in the proper coordinate. In section
III we will use the dual geometry to study the chiral dynamics and meson spectrum. We find
that the dipole field does not induce the chiral symmetry breaking in the supersymmetric
and non-supersymmetric theory. The general believing that the breaking supersymmetry in
gravity duals will leads to chiral symmetry breaking [16], however, does not shows in our
investigations. We also find that the dipole field does not modify the meson spectrum in the
supersymmetric theory. Note that the meson spectrum in the non-commutative field theory
with Moyal product had been studied in [17]. They had shown that, despite being a super-
symmetric theory, the meson spectrum will be modified by the space non-commutativity. We
have also seen that the dipole field will reduce the meson energy in the non-supersymmetric
theory. In section IV we evaluate the potential energy for a static quark-antiquark pair and
see that the dipole field has an effect to produce attractive force between the quark and
anti-quark. The last section is devoted to a conclusion.
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In the non-commutative dipole field theory each field Φa is associated with a constant
dipole length ℓa and we define the “non-commutative dipole product” by Φa(x) ∗ Φb(x) =
Φa(x − ℓb/2) Φb(x + ℓa/2) [13]. It is a nonlocal field theory and break Lorentz invariance.
Demanding Φ†a ∗ Φa to be real will fix the dipole length of Φ†a to be minus of that of Φa.
Thus, the gauge field has zero dipole length and the dipole length of an anti-quark will be the
negative value of quark, if it is nonzero. As there is the supergravity solution which dual to
the non-commutative dipole field theory the physical particle may has nonzero dipole length.
The phenomenal constrain on the value of dipole length, like as that on the noncommutativity
of Moyal product, remains to be found. Some properties of the non-commutative dipole
field theory have been studied in [14,18]. The noncommutative dipole field theories are
interesting by themselves and it has a chance of finding a CP violating theory [14]. It is also
an appropriate candidate to study the interaction of a neutral particles with finite dipole
moments, like neutrinos, with gauge particles like photons. There are some experimental
evidences of such interactions, which cannot be described by the commutative version of the
standard model of particles [18].
2 Supergravity Solutions
To find the explicit supergravity background duals to the non-commutative dipole theory we
could start with the following type II supergravity solution describing N coincident D3-brane
[19]
ds2 = H(r)−1/2
[
−dt2 + dx2 + dy2 + dz2
]
+H(r)1/2
[
−δabdwai dwbi
]
, H(r) = 1+
N
4
r4
, (2.1)
in which a, b = 1 · · · 6. Following the prescription in [13], we first apply the T-duality
transformation on the z axis. Then, consider the “smeared twist” as we go around the circle
of new z axis (with radius R), i.e. the “twisted” compactification will accompany a rotation
between w1, ..., w6 by a matrix Mab in the following way
(t, x, y, z, wa)→ (t, x, y, z + 2πR,
6∑
b=1
Mabwb), a = 1, ...6, (2.2)
in which M is an element of the Lie algebra SO(6). After the smeared twist we finally apply
the T-duality on the z axis. The supergravity solution becomes
ds2 = H−
1
2
(
−h(r)dt2 + dx2 + dy2 + dz
2
1 + ~wTMTM ~w
)
+H
1
2
(
d~wTd~w − (d~w
TM ~w)2
1 + ~wTMTM ~w
)
,
(2.3)
C
(4)
0123 = H
−1, e2φ =
1
1 + ~wTMTM ~w
,
6∑
a=1
Bzadwa = − d~w
TM ~w
1 + ~wTMTM ~w
. (2.4)
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It is known that the theory on the worldvolume of D3-brane is N = 4 SU(N) SYM theory.
The N = 4 SYM theory in four dimensions has 6 real scalars in the representation 6 of
R-symmetry group SU(4) and 4 Weyl fermions in the representation 4 of SU(4) [1]. To
construct the dipole theory we use the R-symmetry charges to determine the dipole vectors
of the various fields. We denote V µ as commuting elements of SU(4). Then, for simplicity,
we assume that all dipoles are along z direction and the dipole moment can be determined
by V 3. Denoting the matrix representation of V 3 by U for representation 4 and by M
for representation 6, the dipole vectors of fermions and scalars are therefore given by the
eigenvalues of U and M , respectively [13].
If the eigenvalues of traceless Hermitian 4× 4 matrix U are α1, α2, α3, −(α1 + α2 + α3)
the associated general form of matrix M can be cast to the following form [13]
M =


0 α1 + α2 0 0 0 0
−α1 − α2 0 0 0 0 0
0 0 0 α1 + α3 0 0
0 0 −α1 − α3 0 0 0
0 0 0 0 0 α2 + α3
0 0 0 0 −α2 − α3 0


. (2.5)
This form of matrix M breaks all supersymmetries in general. However, in the case of
α1 = α2 = 0 and α3 = B we can from the eigenvalues of U and M find that 4 bosons have
dipole length ∼ 2B and 2 fermions have dipole length ∼ B. These are the content of N = 2
hyper-multiplet [13]. (Note that the condition of zero total dipole length in Lagrangian will
constrain the relative dipole length for each field in the theory [13,14].) On the other hand,
in the case of α1 = α2 = α3 = B we can from the eigenvalues of U and M find dipole length
for each field and see that it describes a non-supersymmetric theory [13].
To proceed, we note that as the metric adopted to study the meson is different from that
in studying the Wilson loop or giant graviton [15] we will use the following coordinates
w1 = ρ cos θ cos φ, w2 = ρ cos θ sin φ,
w3 = ρ sin θ cosχ, w4 = ρ sin θ sinχ. (2.6)
which are difference from those used in [13-15]. Using the above coordinate we can find the
background spacetime and investigate the supersymmetric and non-supersymmetric theories,
which is presented in the next section.
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3 Chiral dynamics and meson with non-commutative
dipole field
3.1 Supersymmetric dipole field theory
After the evaluations the following supergravity solution is found
ds210 =
(
ρ2 + w25 + w
2
6
) [
−dt2 + dx2 + dy2 + dz
2
1 +B2ρ2
]
+
1
ρ2 + w25 + w
2
6
[
dw25 + dw
2
6
+dρ2 + ρ2
(
dθ2 + cos2 θdφ2 + sin2 θdχ2
)
−
B2
[
ρ2
(
cos2 θdφ+ sin2 θdχ
)]2
1 +B2ρ2
. (3.1)
e2Φ =
1
1 +B2ρ2
,
∑
ni=φ,χ
Bzidni = −
B
[
ρ2
(
cos2 θdφ+ sin2 θdχ
)]
1 +B2ρ2
, (3.2)
in the large N limit. When B = 0 above result is AdS5 × O5 and our background thus
describes the B field deformed supergravity spacetime which dual to the non-commutative
dipole field theory. Above solution has a nonzero B field with one leg along the brane
worldvolume and others transverse to it. The value B in (3.2) is proportional to the dipole
length ℓ defined in the “non-commutative dipole product”
Φa(x) ∗ Φb(x) = Φa(x− ℓb/2) Φb(x+ ℓa/2). (3.3)
for the dipole field Φ(x) [13].
Following the method of [2,3] the D7 probe branes are embedded on D3 brane (with
coordinate (t, x, y, z)) in such a way that they extend in space-time (t, x, y, z, ρ, θ, φ, χ). The
value w25 +w
2
6 specifies the distance between D3 and D7 brane. The D7 brane configuration
described by w5(ρ), w6(ρ) shows how D7 probe brane will be bended by the D3 brane (or
AdS5 × S5). This will code the behavior of quark in the corresponding field theory.
Note that, after adding the D7 brane probe there are the light modes coming from strings
with one end on the D3-branes and the other one on the D7-brane, which will give rise to
quark hypermultiplet in the fundamental representation. In this case, if the D3-branes and
the D7-brane overlap the hypermultiplet will be massless as the distance between D7-brane
and D3-branes is proportional to the hypermultiplet mass [4].
To proceed, we first know that the dynamics of the D7 brane probe is described by the
combined Dirac-Born-Infeld and Chern-Simons actions,
SD7 = −µ7
∫
d8ξe−Φ
√
−det(P [G +B]ab) + µ7
∫
P [C(4)] ∧ B ∧B, (3.4)
in which µ7 is the D7-brane tension and P denotes the pullback of a bulk field to the world-
volume of the brane.
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To investigate the chiral dynamics we will let w5 and w6 to be function of ρ. After
substituting the background (3.1), (3.2) into (3.4) we find that the action for a static D7
embedding is given by
SD7 = −µ7
∫
d8ξ ρ3
√√√√1 +
(
∂w5
∂ρ
)2
+
(
∂w6
∂ρ
)2
, (3.5)
up to angular factors. As the eq.(3.5) is just that without dipole field [2,3] and we thus
conclude that non-commutative dipole field does not induce the chiral symmetry breaking
in the supersymmetric theory.
To investigate the meson spectrum we first let w5 and w6 to be function of (ρ, x, y, z) [4].
The associated Lagrangian is
L = −ρ3
[
1 + (∂ρ ~w)
2 +
(∂x ~w)
2 + (∂y ~w)
2 + (∂z ~w)
2
(ρ2 + ~w2)2
]
, (3.6)
in which ~w = (w5, w6). Now, to consider the quadratic fluctuations we can let ~w = ~L+ δ ~w,
in which |~L| is the distance between the D3- and D7-branes and δ ~w is the small fluctuation.
However, the Lagrangian (3.6) is just that without dipole field and meson spectrum is M20 =
4L2(n + 1)(n + 2), in which quantum number n = 0, 1... Thus we conclude that the non-
commutative dipole field does not modify the meson spectrum in the supersymmetric theory.
Note that authors in [17] had shown that the non-commutativity of Moyal product could
modify the meson spectrum in the supersymmetric theory.
3.2 Non-supersymmetric dipole field theory
After the evaluations the following supergravity solution are found
ds210 =
(
ρ2 + ~w2
) [
−dt2 + dx2 + dy2 + dz
2
1 +B2 (ρ2 + ~w2)
]
+
1
ρ2 + ~w2
[
d~w2 + dρ2
+ρ2
(
dθ2 + cos2 θdφ2 + sin2 θdχ2
)
−
B2
[
ρ2
(
cos2 θdφ+ sin2 θdχ
)
+ (w5dw6 − w6dw5)
]2
1 +B2 (ρ2 + ~w2)
.
(3.7)
e2Φ =
1
1 +B2 (ρ2 + ~w2)
,
∑
ni=φ,χ...
Bzidni = −
B
[
ρ2
(
cos2 θdφ+ sin2 θdχ
)
+ (w5dw6 − w6dw5)
]
1 +B2 (ρ2 + ~w2)
,
(3.8)
in the large N limit.
First, we can follow the previous prescription to investigate the chiral dynamics. It is
found that the action for a static D7 embedding is still given by (3.5). Thus, we conclude
that non-commutative dipole field does not induce the chiral symmetry breaking in the
non-supersymmetric theory, , in contrast to the general believing that the breaking super-
symmetry in gravity duals will leads to chiral symmetry breaking [16].
6
Next, we can also follow the previous prescription to investigate the meson spectrum,
The associated Lagrangian is
L = −ρ3
[
1 + (∂ρ ~w)
2 +
(∂x ~w)
2 + (∂y ~w)
2 + (∂z ~w)
2
(ρ2 + ~w2)2
+
B4 ~w2 (∂z ~w)
2
(ρ2 + ~w2)2
− B
2 (1 +B2 ~w)
(ρ2 + ~w2)2 (1 +B2ρ2)
(w6∂zw5 − w5∂zw6)2
]
. (3.9)
Now, consider (w5, w6) = (0+ δw5, L) with fluctuation δw5 = G(ρ, z) = g(ρ)e
ikz we find that
the associated equation for the field g(ρ) becomes
(ρ2 + L2)2∂2ρg(ρ) +
3(ρ2 + L2)2
ρ
∂ρg(ρ)−
(
M2 + γ2B4L2M2ρ2
)
g(ρ) = 0, (3.10)
to the leading order of small value of dipole field B, which means that it is compared to the
radius of the undeformed S5 radius RS. The meson spectrum is M
2 ≡ −k2. Note that the
dipole field will deform S5 and, for simplicity, we merely consider the mode the S-orbital
states.
Now, following the method of [4] we could solve above equation by making the substi-
tuting
g(ρ) = (ρ2 + L2)−αP (ρ), (3.11)
and using the variable y = −ρ2/L2 to express Eq.(3.4)
(1−y)2yP ′′(y)+2(1−y) (1− (1− α)y)P ′(y)+
[(
2α− M
2
4
)
−
(
α− α2 + M
2B4
4
)
y
]
P (y) = 0.
(3.12)
Above equation has solution which could be expressed as the hypergeometric function [4]
and we find that
α = (n + 1)
(
1− (n+ 2)B4L2
)
, P (ρ) = F [−n− 1,−n : 2,−ρ2/L2], (3.13)
M2 = M20 +∆M
2, with ∆M2 = −4B4L2(n+ 1)(n + 2). (3.14)
Eq. (3.8) tells us that the dipole field will reduce the meson energy in the non-supersymmetric
theory and that the correction term is an increasing function of quantum number n.
Note that for the theory in the AdS background the symmetry property in AdS lead us
to have the same meson spectrum whether the fluctuation δw is chosen as ∼ eikt, ∼ eikx,
∼ eiky or ∼ eikz. However, in our case as the AdS background has been deformed by the
B field the relevant symmetry was broken, as the line element appears factor 1
1+B2(ρ2+~w2)
in
dz2. In choosing δw ∼ eikt, ∼ eikx or ∼ eiky we have the spectrum as that without dipole
field. Only choosing δw ∼ eikz could it give the spectrum that shows dipole deformation
effect.
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4 Quark and anti-quark potential
We will evaluate the potential energy for a static quark-antiquark pair in the non-commutative
dipole field theory form dual gravity approach as that in [20]. Following [4] we will consider
a static configuration consisting of a string stretched in the z direction with both ends at-
tached to the D7-brane probe placed at ρ = ρD7. The relevant part of the metric from (3.1)
in supersymmetric theory or form (3.7) in non-supersymmetric theory is
ds2 = ρ2
[
−dt2 + dz
2
1 +B2ρ2
]
+
dρ2
ρ2
. (4.1)
Using z as worldvolume coordinate and considering an ansatz of the form ρ = ρ(z), the
Nambu-Goto action reads
L = −
√√√√ ρ4
1 +B2ρ2
+
(
dρ
dz
)2
. (4.2)
As L does not depend explicitly on z, the quantity ρ′ ∂L
∂ρ′
− L is a constant and we find that
ρ4
1+B2ρ2√
ρ4
1+B2ρ2
+ ρ′2
=
ρ20√
1 +B2ρ20
, ⇒
(
dρ
dz
)2
=
ρ4(ρ2 − ρ20)(ρ2 + ρ20 +B2ρ20ρ2)
ρ40(1 +B
2ρ2)2
(4.3)
in which ρ0 is a constant of motion.
Using above relation the quark-antiquark separation L could be calculated by
L = 2
∫
dz = 2
∫ ρD7/ρ0
ρ0
(
dρ
dz
)−1
dρ =
2
ρ0
∫ ρD7/ρ0
1
1 +B2ρ20y
2
y2
√
(y2 − 1)(y2 + 1 +B2ρ20y2)
dy. (4.4)
In a similar way, the energy for this static configuration becomes
H =
∫ √√√√ ρ4
1 +B2ρ2
+
(
dρ
dz
)2
dz =
∫ ρD7/ρ0
ρ0
√√√√ ρ4
1 +B2ρ2
+
(
dρ
dz
)2 (
dρ
dz
)−1
dρ
= ρ0
√
1 +B2ρ20
∫ ρD7/ρ0
1
y2√
(y2 − 1)(y2 + 1 +B2ρ20y2)
dy. (4.5)
From above two relations we could find the quark-antiquark potential as a function of the
distance between the quark and the antiquark. The results are in figure 1.
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Figure 1: Potential of quark anti-quark pair. Dashed line in left figure is that without dipole
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field. When the dipole field is large then there will show a transition behavior at a critical
distance Lc as shown in right figure. This property also shows in the Moyal non-commutative
theory [17].
The figure 1 shows that the potential is linear for small quark anti-quark separation, while
for large separation the energy becomes constant and equal to 2mq(= ρD7). The potential
is a decreasing function of dipole field B. The property could be explicitly seen in the small
and long separation limits by the following analysis.
At the small separation limit L → 0, i.e. when ρ0 → ρD7, then we can define ρD7/ρ0 =
1 + ǫ, and, at leading order, it is easily to see that
L→ 1
ρD7
1 +B2ρ2D7√
1 + 1
2
B2ρ2D7
√
ρ0
ρD7
. (4.6)
H → ρD7
2
√
1 +B2ρ2D7√
1 + 1
2
B2ρ2D7
√
ρ0
ρD7
. (4.7)
Thus we find the linear potential relation
H(L) = τeffL, with τeff =
ρD7
2
1√
1 +B2ρ2D7
, (4.8)
in which the effective tension τeff is a decreasing function of the dipole field strength.
At long separation limit L → ∞, i.e. when ρ0 → 0, the integration in (4.4) could be
approximated as
L =
2
ρ0
∫ ρD7/ρ0
1
1 +B2ρ20y
2
y2
√
(y2 − 1)(y2 + 1)
(
1 +
B2ρ2
0
y2
y2+1
) dy
≈ 2
ρ0
∫ ρD7/ρ0
1
[
1
y2
√
y4 − 1 −
B2ρ20
2(y2 + 1)
√
y4 − 1 +
B2ρ20√
y4 − 1
]
dy
≈ 2
ρ0
[∫ ρD7/ρ0
1
1
y2
√
y4 − 1 dy −
∫ ∞
1
B2ρ20
2(y2 + 1)
√
y4 − 1 dy +
∫ ∞
1
B2ρ20√
y4 − 1 dy
]
, (4.9)
in the case of small dipole field. The first integral could be furthermore approximated by
∫ ρD7/ρ0
1
1
y2
√
y4 − 1 dy =
∫ ∞
1
1
y2
√
y4 − 1 dy −
∫ ∞
ρD7/ρ0
1
y2
√
y4 − 1 dy ≈ C1 −
ρ30
3ρ3D7
, (4.10)
in which C1 ≈ 0.59907. The values of second and third integrals in (4.9) could be found and
denoted as C2 ≈ 0.3559, C3 ≈ 1.3110. We thus find that
L ≈ 2C1
ρ0
+ (2C3 − C2)B2ρ0 − 2
3
ρ20
ρ3D7
(4.11)
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In a similar way we find that
H = ρ0
√
1 +B2ρ20
∫ ρD7/ρ0
1
y2√
(y2 − 1)(y2 + 1)
(
1 +
B2ρ2
0
y2
y2+1
) dy
≈ ρ0
√
1 +B2ρ20
∫ ρD7/ρ0
1
[
y2√
y4 − 1 −
B2ρ20y
4
2(y2 + 1)
√
y4 − 1
]
dy
= ρ0
√
1 +B2ρ20
[∫ ρD7/ρ0
1
1 dy +
∫ ρD7/ρ0
1
(
−1 + y
2
√
y4 − 1
)
dy −
∫ ρD7/ρ0
1
B2ρ20
2(y2 + 1)
√
y4 − 1 dy
]
= ρ0
√
1 +B2ρ20
[
ρD7
ρ0
+
[
−1 +
∫ ∞
1
(
−1 + y
2
√
y4 − 1
)
dy
]
−
[∫ ∞
ρD7/ρ0
(
−1 + y
2
√
y4 − 1
)
dy
]
−
∫ ρD7/ρ0
1
B2ρ20
2(y2 + 1)
√
y4 − 1 dy
]
≈ ρD7 − C1ρ0 − B
2ρ20ρD7
4
. (4.12)
Solve (4.11) and (4.12) we find that the quark and anti-quark potential at long distance is
H(L) = 2mq − 2C1
L
− 2B
2C1mq
L2
− 4B
2C31(2C3 − C2)
L3
, (4.13)
in which ρD7 = 2mq and mq is the quark mass. Eq.(4.8) and (4.12) tell us that the dipole
field has an effect to produce attractive force between the quark and anti-quark. Note that
the energy corrected by non-commutative dipole field at long distance is shown in L−2 while
that by Moyal product is shown in L−4 [17].
5 Conclusion
In conclusion, we have investigated the problem of chiral symmetry breaking and the meson
spectroscopy in the non-commutative dipole field form the gauge/gravity dual. We first
following the method in [13] to derive the dual supergravity background in the proper coor-
dinate. We find that the dipole field does not induce the chiral symmetry breaking in the
supersymmetric and non-supersymmetric theory, in contrast to the general believing that
the breaking supersymmetry in gravity duals will lead to chiral symmetry breaking [16]. We
also find that the dipole field does not modify the meson spectrum in the supersymmetric
theory, in contrast to that studied in [17] in which the meson spectrum could be modified
by the space non-commutativity of Moyal product. The dipole field will reduce the meson
energy in the non-supersymmetric dipole field theory. Finally, we also evaluate the potential
energy for a static quark-antiquark pair and see that the dipole field has an effect to produce
attractive force between the quark and anti-quark. Finally, the property of chiral dynamics
and meson on the other dipole field deformed background [21] is of interesting and remains
to be studied.
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